Introduction
One of the outstanding problems in string theory is to close the gap between the formal description and classification of string vacua and their possible role in a realistic description of particle physics. Even if one finds a model with the desired particle content and gauge symmetry, one is still confronted with the problem of computing the couplings, which determine masses, mixing angles, patterns of symmetry breaking etc. These couplings will depend on the moduli of the string model, which, in the conformal field theory language correspond to the exactly marginal operators, or, in the Calabi-Yau context, to the (1, 1) and (2,1) forms, which describe the deformation of the Kähler class and the complex structure, respectively. In (2,2) compactifications, which are the ones which have been most intensively studied to date, the two types of moduli are related by world sheet supersymmetry to the matter fields, which transform as 27 and 27 of E 6 . In a low energy effective field theory description, which includes all the light states, but having integrated out all heavy (> m Planck ) string modes, the moduli appear as massless neutral scalar fields with vanishing potential. This entails that the strength of the couplings, such as the Yukawa couplings, which do depend on the moduli, are undetermined. Only if the vacuum expectation value of the moduli fields is fixed by a non-perturbative potential do the couplings take fixed values, which could then be compared with experiment.
Generic string models are believed to possess duality symmetry [1] , which is a discrete symmetry on moduli space that leaves the spectrum as well as the interactions invariant and whose origin is tied to the fact that strings are one-dimensional extended objects. This symmetry has been explicitly found in simple models, such as the compactification on tori and their orbifolds [2] , but more recently for a specific Calabi-Yau compactification [3] . On the effective field theory level this string specific symmetry is manifest insofar as the Lagrangian must be invariant [4] . This has the important consequence that the moduli dependent couplings must have definite transformation properties under transformations of the duality group * . A possible non-perturbative potential for the moduli fields must also respect this symmetry.
The problem then consists of first computing the moduli dependence of the Yukawa couplings, to find candidates for the potential for the moduli and then to look for its minimum, thus fixing the value of the Yukawa couplings. This is a formidable task to perform for a generic string model, and has thus far only partially been done for the few simple models mentioned above. For the toroidal orbifold examples this is not too difficult if one restricts oneself to the untwisted moduli.
The dependence of the couplings on the untwisted moduli can be calculated in conformal field theory [5] and the duality group of the orbifold is the subgroup of the torus duality group [1] which is compatible with the discrete group by which the orbifold is defined [2] .
In simple cases also the corresponding modular functions are known. The situation for
Calabi-Yau manifolds is more involved, partially because one knows the conformal field theory explicitly only at special points in moduli space, where the models coincide with the ones of Gepner [6] . Given the recent results of [7] which exclude most simple toroidal orbifold models as viable candidate string vacua, one is harder pressed to develop tools to do explicit computations for more complicated compactifications. An important step in this direction has been done in [3] .
Above we have already mentioned the two different kinds of moduli. The moduli space is a direct product with a separate factor for the (1,1) and the (2,1) moduli [8] . Since in each case, due to the fact that the same (2,2) superconformal field theory could have been used to compactify the type II rather than the heterotic string with the former leading to N = 2 space-time supersymmetry, the moduli space is of special Kähler type [9] . This means in particular that the Kähler metric of moduli space is completely determined in terms of two holomorphic functions, the prepotentials, one for each type of moduli. The Yukawa couplings are give by the third derivatives of the prepotentials with respect to the moduli. This entails that they do not mix the two sets of moduli and their corresponding matter fields; i.e. the Yukawa couplings of the 27 ′ s of E 6 only depend on the Kähler moduli and the couplings of the 27 ′ s depend only on the complex structure moduli. Whereas the former acquire contributions from instantons, the latter do not [10] and are thus in general easier to compute. On the conformal field theory level the 27 ′ s and 27 ′ s of E 6 , and by world-sheet supersymmetry the two types of moduli, can be simply interchanged by flipping the relative sign of the left and right U (1) charges of the (2,2) superconformal algebra [11] . [12] , [13] . Similar methods have been used in ref. [14] to compute the instanton numbers on these spaces. In one of the four cases our results differ.
The paper is organized as follows: in the next section we introduce the models which we will discuss. We then (sect. 3) set up the period equations and discuss their solutions, including their monodromy properties. In section four we construct a basis for the solutions on which the monodromy transformations are integer symplectic and in terms of which the prepotential can be easily written down. We compute the Kähler metric and the invariant Yukawa couplings. In section five we perform the mirror map. In the conclusions we make some comments on the modular group and a candidate for the non-perturbative potential for the modulus. To a large extent our exposition will follow ref. [3] .
The models
The simplest Calabi-Yau models are described as the vanishing locus of a quasi- these models by the integer k, which is defined to be the smallest common multiple of the n i , they are (the relative factors are chosen for later convenience) These manifolds have first been found by Strominger and Witten [15] . They belong to a class of superstring compactifications whose internal space can be described at a special point of its moduli space by tensor products of minimal (2, 2) super conformal theories with A-type modular invariants [16] , often called Gepner models. A survey of this class with A-D-E-type modular invariants can be found in * [18] , [13] . The complex structure moduli of the models (2.1) can be represented by those elements in the polynomial ring R = One can now consider orbifolds of these spaces by dividing out discrete isometries which will in general not act freely. If the isometry acts like a subgroup of SU (3) the possible singularities can be resolved such that the resulting space in again of Calabi-Yau type as it was conjectured in [19] . This process changes the Euler number and thus also the Hodge numbers h 2,1 and h 1,1 . For our investigation the most important groups are the ones which lead to the mirror configuration. They are generated by multiplying the IP 4 coordinates with phases:
We abbreviate generators as g = (r 0 , . . . , r 5 ). The condition for g ∈ SU (3) reads simply [
Hodge numbers which can be obtained from our models by dividing out all subgroups of the full phase symmetry group G * * with G ∈ SU (3). The topological data can be obtained directly by a tedious calculations on the manifold, using the properties of the resolutions [22] , [23] , [24] but more easily by using the methods of twisting the Landau-Ginzburg models [25] or by examining the massless spectrum of the corresponding Gepner model [26] , [21] . The latter method gives the full partition function of the twisted theory. For the Fermat cases (A-type modular invariants) the Hodge numbers obtained this way were veryfied in [27] by explicit construction of the geometrical resolution. In the orginal models we consider, all (2, 1)-forms can be described by deformations of the defining polynomial.
The orbifoldisation projects onto those (2, 1) forms which are invariant, their number is given in parantheses in our tables, but also introduces new ones in the twisted sectors, which cannot be represented as deformations of W 0 . For a geometric representation of them see [28] . In all four cases, dividing out the whole of G, one finds that only one possible deformation survives, thus giving h 2,1 = 1. The resulting quotient models always appear in mirror pairs with h 2,1 and h 1,1 interchanged. See also [11] , [20] , [24] for the cases k = 5 † ; the case k = 8 was discussed in [24] .
The actual order of the group action, which is very important in order to normalize our period integrals, is safely investigated on the Calabi-Yau manifold. In the k = 8 case e.g. the generators g 1 = (0 1 0 0 7), g 2 = (0 1 0 7 0), g 3 = (0 1 7 0 0) naively seem to generate a Z 8 × Z 8 × Z 8 group. However, the element g 
Hence the actual group acts as a
In the Gepner-or Landau-Ginzburg model language this corresponds to the fact that the afore mentioned Z 4 acts a subgroup of the group by which is divided out in order to implement the GSO projection. The actual groups which generate the mirror
and 10 2 in the four cases, respectively. We observe that (OrdG)
where the
are the weights of IP 4 coordinates which satisfy 4 i=0 ν i = k. We then get for the deformed polynomials
where the perturbation can always be cast into the indicated form by the use of the equations of motion ∂ i W = 0. The constants in (2.1) and (2.2) have been chosen such that α k = 1 are nodes in all four cases. The elements of the rings R are now also restricted by the discrete symmetries. In the case where one divides out all of G, R consists of only the elements (x 1 x 2 x 3 x 4 x 5 ) λ with λ = 0, 1, 2, 3. Besides having nodes at α k = 1 the manifolds become singular at α → ∞.
The Picard-Fuchs equations and their solutions
To summarize the results of refs. [29] , [30] , [31] the Picard-Fuchs or period equations are differential equations satisfied by the expression w =
where the integral is in the embedding space and allows integration by parts with respect to the coordinates of IP 4 . The holomorphic function q(α) reflects the gauge freedom in the definition of the holomorphic three-form. For the purpose of deriving the period equation, it is most † For the k = 10 case the list given in [11] is incomplete.
convenient to set q(α) = 1. Differentiating λ times with respect to α produces terms of the form
. The λ = 4 term, which is the first to produce an integrand whose numerator is no longer in the Ring R, can be expressed, using the equations of motion ∂W/∂x i = 0 and integration by parts, in terms of lower derivatives. The computation is straightforward and produces * k = 5 :
A fundamental system of solutions may be obtained following the method of Froebenius for ordinary differential equations with regular singular points [33] which are here α = 0, α = ∞ and α k = 1. The solutions of the indicial equations at the three singular points are (α k = 1) and to the singular manifold (α = ∞). We will thus get non-trivial monodromy about these points. * Manifolds having the mirror Hodge diamond w.r.t. the models in (2.1) can be found in the lists of [12] , [21] . As has been checked in a few examples [32] the Picard-Fuchs equations for the only complex structure deformation here turn out to be the same as in (3.1). * * The other solutions of α k = 1 are treated similarly.
The power series solution around α = ∞ is easy to find by making a general ansatz and solving the recursion relation for the coefficients. One finds
The other solutions around α = ∞ contain logarithms. We will find them below. For later convenience we will redefine the periods to get rid of the factor α −1 . This corresponds to the gauge transformation q(α) = 1 → q(α) ∝ α. This only affects the exponents at α = 0 which are shifted by +1. To get the solutions around α = 0 we first analytically continue above solution. If 0 ≤ arg α < 2π k , we have
For |α| > 1 we get a convergent expression if we choose the contour to enclose the points α = n = 0, 1, 2 . . . which are zeros of sin(πs), in a clockwise direction and we recover (3.2).
For |α| < 1 we close the contour as to enclose the points −n/k, n = 1, 2 . . . which are the poles of Γ(ks + 1) with residues (−1) n+1 / (kΓ(n)). One finds
All solutions at α = 0 are given by power series and one readily sees that the functions To get all the solutions for α = ∞ we first express the w j in terms of four linearly independent solutions which we then analytically continue from |α| < 1 to |α| > 1. Changing the summation index to n = kN + l, N = 0, 1, 2 . . . , l = 1, . . . , k − 1, one obtains
, where to recover (3.5) one has to choose the contour as to enclose the poles of (e 2πis −1) −1 .
Note that in eq.(3.5) there are only four non-zero terms in each sum, namely for l = (1, 2, 3, 4) k=5 , l = (1, 2, 4, 5) k=6 , l = (1, 3, 5, 7) k=8 and l = (1, 3, 7, 9) k=10 . To get the solutions for |α| > 1 one chooses the contour to surround the poles of the second factor of the integrand which has quadruple poles at s = −N − l k for N = 0, 1, . . .. Evaluating the residues at the poles is straightforward. Expanding α ks+l around the poles produces up to three powers of log α. Collecting terms one finds
where
Here we have defined
We now discuss the monodromy of the solutions. Under the transformation α → βα, the solutions behave as w j (βα) → w j+1 (α) and the corresponding monodromy matrix a is cyclic of order k. From our discussion above of the solutions of the period equations around α = 1 we conclude that the w j , when continued to the region |α − 1| < 1, must be of the form
wherew(α) is a particular combination of the power series solutions with indices 1 and 2.
In fact, we can express it in terms of the w j as follows [3] :
Eq.(3.8) then says that under (α − 1) → e 2πi (α − 1) the solutions transform as
We thus find that the monodromy matrix t around α = 1 is not cyclic of any finite order.
To determine the coefficients c j we normalizew(α) = µ(α − 1) + O (α − 1) 2 such that µc 1 = 1. µc j is then the coefficient of the logarithm of dw j /dα as α → 1. Using the explicit expressions for w j (eq.(3.5) ) we find µ = − 1 2πi
The c j are all integers. In all cases c 0 = c 1 , which is necessary for (3.9) to be free from logarithms. Monodromy transformations about the points β l follow simply From a composition of the transformations a and t. The monodromy about α = β l is then a −l ta l . * Finally, the monodromy matrix s around α = ∞ follows from the fact that the product of the monodromy matrices around all singular points must be the identity and that the monodromy around α = 0 is trivial. Thus s = (at)
The periods in a symplectic basis and their monodromy
In order to get the prepotential G from the solutions of the period equations, we look for a basis in which the monodromy acts as Sp(4; Z) transformations. G is then given as G = OrdG . * Note that if one represents, as we do, the monodromy group on the fundamental system by matrix multiplication from the left, the matrices form an anti-homomorphism of the monodromy group. z 2 (α) is a solution which, around α = 1, is a pure power series with index 1, proportional tow(α) in eq.(3.10) and is given, to leading order as z
Then λ 2 /λ 1 = µ and the monodromy coefficients c j become integers.
We now define two period vectors [3] , Π
OrdG (w 2 , w 1 , w 0 , w k−1 ) T . Since they both represent a fundamental set of solutions of the period equations, they must be related by a linear transformation which we call m. From the above identification of two of the components of Π with elements of w,
we already know the second and last row of the matrix m. Since the cycles dual to the periods G 1 and z 1 are remote from the node at α = 1, they must be free from logarithms.
This gives a constraint on the first and third row of m. We then fix the remaining six components of m by requiring that under α → βα, which was represented on the basis We have verified that the components of Π ′ pass the consistency check of ref. [3] , W 1 = 0
Let us now turn to the quantities which are relevant for the low energy effective Lagrangian of the string theory compactified of the Calabi-Yau spaces under considerations.
The Kähler potential on the one-dimensional moduli space for the complex structure modulus is given in terms of the prepotential:
We give the results in the limits α → ∞ for which we use the solutions in the form (3.7)
and for α → 0 using (3.4)α → ∞:
In terms of the variable t ∝ i log(γα) the leading behaviour is g tt ≃ − 3 (t−t) 2 which is the metric for the upper half plane with curvature R = −4/3. 
This form for κ ααα is not the most convenient one and we will use it only to fix the overall normalization by evaluating W 3 in the limit α → 0. Another relation satisfied by κ ααα has been found in [3] . There it is shown that the Yukawa coupling satisfies the first order differential ∂ α κ ααα + 1−α k . Taking now into account that below eq.(3.2) we have made a gauge transformation by rescaling the holomorphic three form by a factor q(α) ∝ α, which affects the Yukawa coupling as κ ααα → q 2 (α)κ ααα and fixing the overall normalization as described above, we finally obtain
The invariant Yukawa couplings are defined as
They correspond to a canonically normalized kinetic energy of the matter fields (hence the factor g −3/2 αᾱ ) and are invariant under Kähler gauge transformations (hence the factor e K ).
In the limits considered above we find for the leading terms of the Yukawa couplings of the one multiplet of 27 of E 6 :
α → ∞: ing Gepner models, which can be calculated using the relation [34] between the operator product coefficients of the minimal (n = 2) superconformal models and the known ones of the su(2) Wess-Zumino-Witten theories. In the the k = 6, 10 cases the additional U (1) selection rules at the Gepner point exclude the coupling, which is allowed for generic values of the modulus.
The mirror maps
So far we have only considered the complex structure modulus and the Kähler metric The (1,1) sector of the original manifold is also described by a holomorphic function, denoted by F . It is also of the form F = 1 2 ω a F a , which is homogeneous of degree two in the ω a and thus F a = ∂F /∂ω a .
The large radius limit of F is known; it takes the simple form
2F 0 where we have introduced the inhomogeneous coordinate t =
tF 0 is the infinite radius limit of the Yukawa coupling and is given by an intersection number. In general, if we define F = (w 2 ) 2F the Yukawa coupling κ and the Kähler potential are given in terms ofF as follows:
(Here K differs from the one given in terms F (cf. below) by a Kähler transformation.)
Let us briefly recall how to compute the intersection numbers [35] . The Kählerform 
That is, κ 0 = {5, 3, 2, 1} for k = {5, 6, 8, 10}.
To get the Kähler potential we use eq.(4.1) with the replacement (z
. We find (t = t 1 + it 2 )
From this Kähler potential we easily derive the large radius limits of the metric g . These same constant values were found as the large complex structure limits for the (2,1) moduli space of M ′ .
These infinite radius results now get modified by sigma model loops and instanton contributions, the latter being non-perturbative in the sigma model expansion parameter 1/R 2 ∼ 1/t, R being a measure for the size of the manifold. This means that the prepotential in general has the form
The polynomial part is perturbative. It is fixed by the fact that for the Yukawa couplings there is a perturbative non-renormalization theorem and only imaginary parts of a, b and c do affect the Kähler metric.
The instanton corrections are in general hopeless to compute directly. It is however made possible by the mirror hypothesis which implies that the two prepotentials G and F are essentially the same, but generally expressed in two different symplectic bases; i.e. Π and Π ′ are related by a symplectic transformation and then lead to the same Kähler metric.
We find an integer symplectic matrix which relates Π and Π ′ up to a gauge transformation by relating their asymptotic limits where the limit of Π ′ is obtained from the asymptotic limit of (3.7) and that of Π from the Ansatz (5.3). We have already seen that in terms of the variable t ∝ i log(γα) the large complex structure and large radius limits of the Kähler metrics for the moduli spaces of the (2,1) and (1,1) moduli agree. Fixing the asymptotic relation to t ≃ k 2πi log(γα) we find for each case an integer symplectic matrix N such that
This then also gives the relation between ω 1 , ω 2 and w 0 , w 1 , w 2 , w k−1 and allows us to express t in terms of α. Choosing N as simple as possible, we find
which corresponds to the following choice of the parameters a, b and c in (
The relation between t and α is
where the second expression is valid for α large. Using the known transformation (at)
on w we have checked in all cases that t(α) transforms as t → t + 1 and thus s = (at) −k : t → t + k when α is transported around infinity. This is in accordance with the Lemma in Section 2 of ref. [14] , where this fact is used to determine t up to an additive constant.
Note that besides the O(t 3 ) term which fixes the large radius limit of the Yukawa coupling among the polynomial terms inF only the constant one contributes to the Kähler metric. It has been identified in [3] with the four loop contribution calculated in [36] . This term also makes its appearance in the effective low-energy string actions extracted from tree level string scattering amplitudes [37] . The exponentially small instanton corrections do affect the Yukawa couplings as well as the Kähler metric. To get the Yukawa coupling * The contribution ∝ ζ(3) arises from the terms ∝ φ ′′ (0) in eq.(3.7).
Conclusions
Starting from the Picard-Fuchs equations we have computed the complete expressions for the prepotential, the Kähler metric and Yukawa couplings of the heterotic string compactified on those Calabi-Yau spaces with one (2,1) modulus which can be represented by one polynomial constraint in IP 4 . We could also get the same quantities for the manifold related by mirror symmetry, where the dependence is now on the (1,1) modulus and is due to instanton corrections.
One can now also study, as was done for the k = 5 case in [3] , the duality symmetry of those models. One can easily generalize the procedure of ref. [3] and identify a parameter γ ∈ H + , on which the monodromy transformations on the periods are represented as a two-generator discrete subgroup of SL(2; R). γ is a map of the α k plane to a pair of triangles which together constitute a fundamental region for the group of duality transformations. Since the two transformations S and T are of infinite order they will correspond to two parabolic elements whereas the transformation A will be represented * * by an elliptic element * of order k [40] . Since there are only two generators these elements will not be independent. The angles of the two triangles will thus be (0, 0, π k ) corresponding to fixed points of two parabolic and one elliptic transformation. We choose these fixed points to be i∞, tan(πδ) and i. Here we have defined δ = k−1 2k
. The first two fixed points belong to two parabolic and the last to an elliptic element. The function γ(α) then maps the fixed points of A, S and T to γ(0) = i, γ(∞) = i∞ and γ(1) = tan(πδ), and can be determinded by standard methods [41] to be a ratio of hypergeometric functions
where the last expression is valid for |α| > 1. We have defined
Using the analytic continuation properties of the hypergeometric functions we find
with fixed points i and tan(πδ), respectively and
with fixed point i∞. The fundamental region Γ can be chosen to be the region of the upper half plane bounded by the two lines |Re(γ)| = tan(πδ) and two circular arcs extending from γ = i to γ = ± tan(πδ) intersecting the imaginary axis at an angle of While it is the γ on which the duality acts simply by fractional linear transformations the t parameter has a simple geometrical interpretation in that te = B + iJ is the complexified Kähler form (see e.g. [42] ) so that the volume of the manifold scales like Im(t) 3 =: R 6 . From Fig. 1 it is clear that one can restrict oneself to a part of the t plane which is bounded from below by a minimal length Im(t) = R 2 .
The Yukawa coupling will have a simple transformation law under modular transformations. This follows from the fact that the one matter superfield which is related to the modulus γ via world-sheet supersymmetry will transform homogeneously and to have an invaraint supergravity action the Yukawa coupling must also transform homogeneously [43] .
Having computed the Yukawa couplings we thus have an explicit function of the modulus, which, when raised to the appropriate power, is also a candidate for a non-perturbative superpotential for the modulus itself. Of course, whereas for the modular group SL(2; Z)
this function is known to be more or less unique, practically nothing is known about automorphic functions of the groups we encouter here. Work in this direction is in progress.
The models considered here represent only a very restricted class and do not lead to any even remotely realistic low energy theory. To make further progress one has to extend the analysis in several directions. One is to consider models described by higher dimensional projective varieties. There are a few examples of this kind with h (2,1) = 1, which can be studied as a first step in this direction. Another generalization is to models defined by more than one polynomial constraint. The other obvious direction to go is to consider models with more than one modulus, leading to partial differential equations for the periods. This seems to be the hardest of the possible generalizations.
Another possiblity to arrive at the couplings of strings on Calabi-Yau spaces might be to follow the method of ref. [44] . In the cases we have considered here it leads to two coupled non-linear differential equations satisfied by the Kähler potential and the Kähler metric, which can be cast into the form of the SP (4) Toda equation whose solution is known.
We plan to come back to these issues in the future. We follow ref. [3] and compute two of the periods explicitly in a symplectic basis thus . Expanding Candelas et al. [3] argue that under transport about α = 1 only the cycle B 2 transforms non-trivially in that it picks up a multiple of A 2 . This means that the period G 2 will pick a multiple of the period z 2 . This leads to the identification ofw(α) in eq.(3.8) and the assertion that the other periods are free from logarithms.
Note added: While we were in the process of writing up these results we were informed by D. Lüst and P. Candelas that A. Font has also treated the same one modulus models with similar methods [46] . * Here we use that given ξ = ǫ+ 
